Abstract. In this paper, we generalize the notion of Serre fibration to the Morita category of topological groupoids and derive the associated long exact sequence of homotopy groups. We use this results for calculation of homotopy groups of various groupoids, such as the foliation groupoid of a Riemannian foliation.
Introduction
Topological groupoids are objects that we can use to represent singular geometric structures. For example, the leaf space of a foliation may not contain much information about the foliation, but it is well represented by the associated holonomy groupoid [12] . By reducing this groupoid to a complete transversal of the foliation, we obtain a different groupoid which represents the foliation as well as the holonomy groupoid and is Morita equivalent to the holonomy groupoid. Morita equivalence is a relation between topological groupoids, generated by the functors between topological groupoids which are called weak equivalences. Such functors are, in particular, equivalences of categories and induce homeomorphisms between the spaces of orbits of the topological groupoids [11, 12, 16] . There is the Morita category of topological groupoids in which two topological groupoids are isomorphic precisely if they are Morita equivalent. The morphisms in this category can be represented by principal bundles.
It is essential to have a way of distinguishing topological groupoids that are not Morita equivalent. There are some interesting classes of topological groupoids that are closed under Morita equivalence, such as proper groupoids and foliation groupoids [12] . A classical way to construct invariants of topological groupoids is based on the classifying space associated to a topological groupoid, which is determined uniquely up to homotopy equivalence. There are basically two standard constructions of this space, the Milnor's infinite join construction and geometric realization of the nerve of topological groupoid [1, 3, 4, 8, 10, 11, 17, 19] . One can show that a weak equivalence between topological groupoids induces a weak homotopy equivalence between the associated classifying spaces. We can therefore study the homotopy invariants of the classifying space as the Morita invariants of the topological groupoid. With this approach, some very interesting results can be obtained. For example, the Haefliger theorem tells us that classifying space of the holonomy groupoid of a foliation on a manifold M is homotopy equivalent to M if and only if the holonomy cover of every leaf of the foliation is contractible [5] . In general, however, the classifying space of a topological groupoid is a complicated space and can be difficult to understand and use. Furthermore, it can be deprived of some additional geometric structure which is present on the level of groupoids, such as the smooth structure of the holonomy groupoid. An alternative approach is to define Morita invariants of topological groupoids in a manner that does not directly 2010 Mathematics Subject Classification. 22A22,53C12,55Q05,57T20,58H05. This work was supported in part by the Slovenian Research Agency (ARRS) project J1-2247.
rely on the classifying space. For example, one can describe the fundamental group of anétale groupoid G in terms of G -paths [16] or the fundamental group of an orbifold Q in terms of deck transformations of the universal cover of Q [18] (for higher homotopy groups of orbifolds, see also [2] ).
In this paper we study the homotopy groups of topological groupoids and their description which is intrinsic in the Morita category and does not involve the classifying space. To achieve this, we first generalize the Morita category of topological groupoids to the Morita category of pairs of topological groupoids. In this category, the n-th homotopy group π n (G , a 0 ) of a topological groupoid G with base point a 0 can be described as the set of homotopy classes of Morita maps from the pair (I n , ∂I n ) to the pointed topological groupoid (G , a 0 ), with natural multiplication induced by concatenation [16] . We show that this group is isomorphic to the n-th homotopy group of the associated classifying space. With our definition, is straightforward that π n is a functor, defined on the Morita category of topological groupoids and therefore a Morita invariant.
One of our objectives is to develop some methods for efficient calculation of homotopy groups of topological groupoids. We show that for every Morita map P between pointed topological groupoids (H , b 0 ) and (G , a 0 ) there is a natural long exact sequence of groups . . . → Σ n (P ) → π n (H , b 0 ) πn(P ) → π n (G , a 0 ) → Σ n−1 (P ) → . . . for some groups Σ n (P ) depending on P which we describe explicitly in terms of principal bundles. Furthermore, we generalize the notion of Serre fibration to the Morita category of topological groupoids (we emphasize that this definition is intrinsic in the Morita bicategory of topological groupoids). We show that for a Morita map P that is a Serre fibration, one can identify the groups Σ n (P ) with the homotopy groups of some topological groupoid, which is naturally associated to the Morita map P and can be viewed as some sort of a fiber of P .
In the rest of the paper we apply these results to many concrete examples. We consider a class of so called Serre groupoids (which have the property that their source map is a Serre fibration in the classical sense) and show that the calculation of homotopy groups of such groupoids is especially simple. Examples of Serre groupoids are action groupoids and holonomy groupoids of some foliations.
It will turn out that there are many functors between topological groupoids that are Serre fibrations as Morita maps. For instance, the functor from the holonomy groupoid of the foliation of transverse principal bundle to the holonomy groupoid of the foliation of the base space is a Serre fibration. This turns out to be useful in the calculation of homotopy groups of the holonomy groupoid of Riemannian foliation on a compact manifold. Another important example of a Serre fibration is the effect functor Eff from a properétale groupoid G to the associated proper effectivé etale groupoid Eff(G ). We will prove that the functor Eff induces an isomorphism on the n-th homotopy group for n ≥ 3, whereas the relation between the first and the second homotopy groups of G and Eff(G ) is expressed in terms of an exact sequence.
Topological groupoids and principal bundles
In this section we first recall some definitions and facts of the theory of topological groupoids and principal bundles. We introduce the Morita category of pairs of topological groupoids and give the definition of homotopy groups of topological groupoids in terms of Morita maps.
Throughout this notes, we will say that a (continuous) map f : X → Y between topological spaces has local sections if for any point y ∈ Y there exists a map
It is important to note that any map with local sections is a quotient map. More generally, a map of topological pairs f : (X, A) → (Y, B) has local sections if for any point y ∈ Y there exists a map of topological pairs σ :
Topological groupoid. A groupoid G is a small category such that every arrow in G is invertible. A topological groupoid is a groupoid G such that its space of arrows G 1 and its space of objects G 0 are both topological spaces and all of the structure maps of G are continuous. Note that, in particular, the source map s : G 1 → G 0 and the target map t : G 1 → G 0 both have local sections -in fact, they both have a global section uni : G 0 → G 1 , which maps an object x of G to the unit arrow 1 x at x. A topological groupoid G is often denoted also by (
First examples of topological groupoids are topological spaces: any topological space X can be viewed as a (unit) topological groupoid (X ⇉ X). Any topological group G is a topological groupoid with only one object, thus (G ⇉ * ). The product of topological groupoids G and H is the topological groupoid ((
Groupoid action. Let G be a topological groupoid and X a topological space. A right G -action on X along a map ǫ :
The space of orbits of such an action is denoted by X/G . For such an action µ we have the associated translation groupoid X ⋊ G = (X × G0 G 1 ⇉ X), for which the source map is µ and the target map is the first projection. The multiplication X ⋊ G is determined by (x, g)(x ′ , g ′ ) = (x, gg ′ ). Analogously, one defines a left action of a topological groupoid H on X and the associated translation groupoid H ⋉ X.
Principal bundle. Let G and H be topological groupoids. A G -principal bundle over H is a space P , equipped with a left H -action along a map π : P → H 0 and a right G -action along a map ǫ : P → G 0 such that (i) the map π : P → H 0 has local sections, (ii) for every p ∈ P and g ∈ G 1 with ǫ(p) = t(g) we have π(pg) = π(p), (iii) for every p ∈ P and h ∈ H 1 with s(h) = π(p) we have ǫ(hp) = ǫ(p), (iv) the actions of H and G on P commute with each other, i.e. h(pg) = (hp)g for every h ∈ H 1 , p ∈ P and g ∈ G 1 with s(h) = π(p) and ǫ(p) = t(g), and (v) the map µ :
Any principal G -bundle over H induces a map ϑ : P × H0 P → G 1 , called the translation map, uniquely determined with the property that p ′ = p ϑ(p, p ′ ). Also note that the space H 0 is homeomorphic to the orbit space P/G , because the map π has local sections and is therefore quotient map.
We will say that a principal G -bundle P over H is numerable, if the map π : P → H 0 has sections over a numerable covering of H 0 . Recall from [3, 8] that a covering of a topological space is numerable if it is a open covering with subordinated locally finite partition of unity.
Let P and P ′ be principal G -bundles over H . A map ϕ : P → P ′ is a morphism of principal G -bundles over H if ǫ = ǫ ′ • ϕ, π = π ′ • ϕ and ϕ is H -G -equivariant, namely ϕ(hpg) = hϕ(p)g for every h ∈ H 1 , p ∈ P and g ∈ G 1 with s(h) = π(p) and ǫ(p) = t(g). Any morphism of principal G -bundles over H is a homeomorphism (thus an isomorphism) [13, p.165] .
For a principal G -bundle P over H and a principal H -bundle Q over K , there is a well defined tensor product Q ⊗ P = Q ⊗ H P which is a principal G -bundle over K . The space Q ⊗ P is the space of orbits of the diagonal H -action on the fibered product Q × H0 P [13, 16] . The Morita category GPD of topological groupoids is the category with topological groupoids as objects and isomorphism classes of principal bundles as morphisms, and with composition induced by the tensor product. (Considering the principal bundles, rather than their isomorphism classes, as 1-morphisms, and morphisms of principal bundles as 2-morphisms, one obtains the Morita bicategory of topological groupoids.) The category of topological spaces can be regarded as a full subcategory of the Morita category GPD in the obvious way.
Pairs of topological groupoids. A pair of topological groupoids is a pair (G , G ′ ) such that G is a topological groupoid and
is a pair of topological spaces (P, P ′ ) such that P is a principal G -bundle over H , P ′ is a principal G ′ -bundle over H ′ with respect to the structure given by the restriction of the structure of P to P ′ ⊂ P and the map of topological pairs
has sections (as maps of topological pairs) over a numerable covering.
A morphism φ from a principal (G ,
of pairs of topological groupoids is the category with pairs of topological groupoids as objects and isomorphism classes of principal bundles as morphisms, and with composition induced by the tensor product. The category of pairs of topological spaces can be regarded as a full subcategory of the Morita category GPD 2 .
Pointed and marked topological groupoids. Let G be a topological groupoid and A a subset of G 0 . We can view the set A as a unit subgroupoid of G , namely the subgroupoid A = uni(A) ⊂ G . In this view, the pair (G , A) is a pair of topological groupoids, called a marked topological groupoid. If A is a singleton set {a 0 }, then the marked topological groupoid (G , {a 0 }) is denoted simply by (G , a 0 ) and called a pointed topological groupoid. If (P, P ′ ) is a principal (G , A)-bundle over (H , H ′ ), then we will rather see P ′ as a section σ of π : P → H 0 over H ′ 0 , and write (P, P ′ ) = (P, σ). The full subcategory of GPD 2 , consisting of all marked topological groupoids, is the Morita category of marked topological groupoids and denoted by GPD .
The full subcategory of GPD , consisting of all pointed topological groupoids, is the Morita category of pointed topological groupoids and denoted by
The category of pairs of topological spaces is a full subcategory of the Morita category GPD , while the category of pointed topological spaces is a full subcategory of the Morita category GPD • .
The space φ has a right G -action along the map s • pr 2 : φ → G 0 and a left H -action along the map pr 1 : φ → H 0 given in the obvious way. The functor φ is a weak equivalence if the map s • pr 2 : φ → G 0 is a map with local sections and the diagram
is a pullback of topological spaces. The functor φ is a weak equivalence if and only if the isomorphism class of the bundle φ is invertible in GPD [16] . In this case, Homotopy. We say that two principal G -bundles P and Q over H are homotopic, if there exists a principal G -bundle E over H × I such that P is isomorphic to the restriction E| H ×{0} and Q is isomorphic to the restriction E| H ×{1} . (The restriction E| H ×{0} of E to the subgroupoid H × {0} of H × I, naturally isomorphic to H , is defined in the obvious way.)
More generally, two principal (
Proposition 2.1. Homotopy is an equivalence relation on the set of principal
Proof. To prove that the relation is transitive, let (E,
We cannot directly glue the bundles (E, E ′ ) and (F, F ′ ) together along the isomorphism between the restrictions
) because the resulting bundle may not have local sections (although for many special classes of topological groupoids, this can in fact not happen). Therefore we proceed in the following way. We use the
Remark 2.2. Observe that if the homotopies in the proof above are given by numerable principal bundles (E, E ′ ) and (F, F ′ ), then the resulting concatenated homotopy is again numerable.
Classifying space of a topological groupoid. Let G be a topological groupoid. Let us first recall the Milnor infinite join construction of the right G -space EG , that is
where only finitely many t i are non-zero and we have a relation that 0g = 0g
For further details see [4, p.140 ]. The space EG is a right G -space along the mapǭ :
with respect to the right G action
for any g ∈ G with t(g) =ǭ(t 1 g 1 , t 2 g 2 , . . .). The classifying space BG of the groupoid G is the space of orbits if this action,
It is known (see [3, 4, 8] ) that the quotient projection π : EG → BG is the universal numerable principal G -bundle over BG , thus the numerable principal G -bundles over a space B are in bijective correspondence (via pullback) with homotopy classes of maps from B to BG .
We can generalize the notion of the universal numerable principal bundle to pairs of topological groupoids. Again, using Milnor's infinite join construction, we get a bundle (EG , EG
′ → EG , so we can view EG ′ as a subspace of EG in a natural way.) We also have the induced injective map i : BG ′ → BG . Let us inspect the following diagram:
The upper map is a homeomorphism and both vertical maps are quotient maps (as they have local sections). Therefore, the lower map i(BG ′ ) → BG ′ is continuous. This shows that i : BG ′ → BG is an embedding, so we can view BG ′ as a subspace of BG .
Using basically the same arguments as in [8, p .57] we see that the homotopy classes of numerable principal (G , G ′ )-bundles over topological pair (B, A) are in bijective correspondence (via pullback) with the homotopy classes of maps (B, A) → (BG , BG ′ ). All of the above can be in an obvious way generalized to n-tuples (G , G ′ , G ′′ , . . .) of topological groupoids.
Homotopy groups. Let (G , a 0 ) be a pointed topological groupoid and let n ∈ N. We define π n (G , a 0 ) to be the set of homotopy classes of principal (G , a 0 )-bundles
For n ≥ 1, the set π n (G , a 0 ) is in fact a group with respect to the multiplication given by the concatenation. Indeed, if (P, σ) and (P ′ , σ ′ ) are two principal (G , a 0 )-bundles over (I n , ∂I n ), there is an uniquely determined isomorphism h between the restrictions P | {1}×I n−1 and P ′ | {0}×I n−1 which respects the sections σ and σ ′ . We glue the bundles P and P ′ along the isomorphism h to obtain a principal (G , a 0 )-bundle over (I n , ∂I n ), after reparametrization of the base space. With this concatenation operation the set π n (G , a 0 ) becomes a group, called the n-th homotopy group of the pointed topological groupoid (G , a 0 ). Sometimes (for example, when the base point is clear from the context) we write simply π n (G , a 0 ) = π n (G ).
Homotopy groups of pointed topological groupoids are generalizations of the classical homotopy groups of topological spaces, since clearly we have π n (X, x 0 ) = π n (X ⇉ X, x 0 ). In the same way as for homotopy groups of topological spaces, one can see that the homotopy groups of pointed topological groupoids π n (G , a 0 ) are abelian for n ≥ 2.
where Sets • , Grp and Ab stand for the category of pointed sets, groups and abelian groups respectively. By definition, all this functors are Morita invariants. By the abuse of notation, we often write π n (P, p 0 ) = π n (P ).
One can easily check that the following theorem holds:
Example 2.4.
(1) Let Pair(X) = (X × X → X) be the pair groupoid over a pointed topological space (X, x 0 ), in which the source and the target maps are the projections. This groupoid is weakly equivalent to the space with only one point x 0 , which means that π n (Pair(M )) = 0 for any n.
(2) Let p : N → M be a surjective submersion and N × M N ⇉ N the associated groupoid. Then the natural functor Φ from N × M N ⇉ N to M ⇉ M is a Morita equivalence, which follows from [12, p.128] and the fact that the map Φ → M has local sections. This gives us isomorphisms
Base point change. Let G be a topological groupoid and suppose that a 0 , a 1 ∈ G 0 are connected by a path in G 0 . Then, using identical argument as in the case of homotopy groups of topological spaces, we get an isomorphism between π n (G , a 0 ) and π n (G , a 1 ). Now suppose that there is an arrow g ∈ G 1 from a 1 ∈ G 0 to a 0 ∈ G 0 . Then the principal (G , a 0 )-bundle (G 1 , g) over (G , a 1 ) (with π = t : G 1 → G 0 and ǫ = s : G 1 → G 0 ) is a Morita equivalence, so it induces an isomorphism between π n (G, a 0 ) and π n (G, a 1 ).
It follows that if the topological groupoid G is G -connected (i.e. for every a 0 , a 1 ∈ G 0 there is a G -path from a 0 to a 1 , see [16, p.28] ), then the groups π n (G , a 0 ) and π n (G , a 1 ) are isomorphic.
Homotopy groups of the classifying space. From the classification of principal bundles we see that the homotopy groups π n (G , a 0 ) of a pointed topological groupoid (G , a 0 ) are isomorphic to the homotopy groups of the classifying space BG .
Totally numerable principal bundles We recall from [3] the definition of a halo. Let X be a topological space. A halo over a subset B ⊂ X is a subset U ⊂ X such that B ⊂ U and there is a function τ : X → [0, 1] with τ | B = 1 and supp(τ ) ⊂ U .
Let (G , A) and (H , B) be marked topological groupoids and (P, σ) a numerable principal (G , A)-bundle over (H , B). The bundle (P, σ) is totally numerable if the section σ : B → P can be extended to a halo around B.
We observe that any principal (G , a 0 )-bundle (P, σ) over (I n , ∂I n ) is homotopic to a totally numerable principal (G , a 0 )-bundle over (I n , ∂I n ). Indeed, to see this, choose a relative homotopy H t : (I n × I, ∂I n × I) → (I n , ∂I n ) from the identity to a map which retracts an open neighbourhood of ∂I n in I n to ∂I n . When we take the pullback of (P, σ) along the map H, we get a homotopy between the bundle (P, σ) and a totally numerable principal (G , a 0 )-bundle over (I n , ∂I n ). We can in fact generalize the above statement about totally numerable bundles. Let P be a principal G -bundle over I n and σ : ∂I n → P a section over ∂I n such that ǫ(σ(b)) = a 0 for every b ∈ ∂I n . The pair (P, σ) may not be a principal (G , a 0 )-bundle over (I n , ∂I n ) according to our definition, because we the section σ may not have local extensions. However, by using the same argument and homotopy H as above, we can see that such a bundle P with a section σ is homotopic, via a homotopy with a suitable section, to a totally numerable principal (G , a 0 )-bundle over (I n , ∂I n ). Similarly, any homotopy between principal G -bundles over I n with sections over ∂I n , equipped with a suitable section over ∂I n × I, can be transformed into a homotopy that is itself a numerable principal (G , a 0 )-bundle over (I n × I, ∂I n × I). It follows that the elements of the group π n (G , a 0 ) can be viewed as the homotopy classes of principal G -bundles P over I n , equipped with a section σ : ∂I n → P with ǫ(σ(b)) = a 0 for any b ∈ ∂I n .
Serre fibrations
In Section 2 we described some basic properties of homotopy groups of pointed topological groupoids. In this section, we first show that any Morita map P between pointed topological groupoids induces a long exact sequence that links the homotopy groups of the pointed topological groupoids and certain groups Σ n (P ), which we describe explicitly and play the role of homotopy groups of "the homotopy fiber" of the Morita map P . Furthermore, we define what it means for a Morita map from groupoid H to G to be a Serre fibration. We show that if a Morita map P between pointed topological groupoids (H , b 0 ) and (G , a 0 ) is a Serre fibration, then the groups Σ n (P ) can be identified as the homotopy groups of a pointed topological groupoid, namely the fiber of P .
We know that for an ordinary map between topological spaces, one has the homotopy fiber of that map. Using this homotopy fiber, one can show that every map between topological spaces fits into a long exact sequence of homotopy groups (see [6, p.407] ).
We will now give a similar construction for principal (G , a 0 )-bundle (P, p 0 ) over (H , b 0 ) , where (G , a 0 ) and (H , b 0 ) are given pointed topological groupoids. Write L n+1 ⊂ ∂I n+1 for the face of I n+1 determined by the equation t n+1 = 1, where t n+1 denotes the last coordinate on
Denote by J n+1 the union of all the remaining faces of
Let S n (P ) be the set of all triples (α, β, h), where α is a principal (H , b 0 )-bundle over (I n , ∂I n ), β is a principal (G , a 0 )-bundle over (I n+1 , J n+1 ) and h is an isomorphism from α ⊗ P to β| L n+1 . Note that here we identified L n+1 with I n in the canonical way, and that the sections are implicit in the definition: for instance, the bundle α is actually a bundle (α, ρ), where ρ is a section over ∂I n and h is an isomorphism that preserves the sections.
An isomorphism between triples (α, β, h),
commutes. We say that the triples (α, β, h) and (α ′
is isomorphic to (α, β, h) and
Using similar arguments as in the proof of Proposition 2.1 we see that this gives us an equivalence relation on the set S n (P ). We denote the set of homotopy classes of triples in S n (P ) by
Concatenation of triples is defined in the same manner as for the homotopy classes of principal (G , a 0 )-bundles over (I n , ∂I n ) and induces a group structure on Σ n (P ). Notice that, similarly to the case of homotopy groups, every triple (α, β, h) in S n (P ) is homotopic to a numerable triple, that is, to a triple (α ′ , β ′ , h ′ ) such that α ′ and β ′ are numerable principal bundles. Furthermore, as in the case of homotopy groups, we can safely ignore the condition on local extendability of sections over ∂I n , respectively J n+1 .
Theorem 3.1. Let (P, p 0 ) be a principal (G , a 0 )-bundle over (H , b 0 ). Then there is a natural long exact sequence
Proof. Let Y n (P ) denote the set of triples (α, β, h), where α is principal (H , b 0 )-bundle over (I n , ∂I n ), β is principal (G , a 0 )-bundle over (I n × I, ∂I n × I) and h is an isomorphism h : α ⊗ P → β| L n+1 . As in the case of S n (P ), we have homotopies of such triples. We denote the set of homotopy classes of triples in Y n (P ) by Υ n (P ). Concatenation of triples in Y n (P ) induces a group structure on Υ n (P ).
Let us first check that there is an isomorphism ϕ : Υ n (P ) → π n (H , b 0 ) given by ϕ(α, β, h) = α. Indeed, for the inverse we take ϕ −1 (α) = (α, (α ⊗ P ) × I, id), where (α ⊗ P ) × I denotes the pullback of α ⊗ P along the projection (I n × I, ∂I n × I) → (I n , ∂I n ). Both maps are well defined (on the homotopy classes of triples) and the composition ϕ • ϕ −1 is clearly the identity. We have to check the surjectivity of ϕ −1 •ϕ is also the identity. To see this, we need to show that the triples (α, β, h) and (α, α ⊗ P × I, id) are homotopic in Y n (P ). Indeed, first we have the isomorphism (id α , h × id) from (α, α ⊗ P × I, id) to (α, β| L n+1 × I, h), and from here we have the homotopy to (α, β, h) of the form (α × I, B, h × I), where B is the pullback of β along the map I n × I → I n , ((t 1 , . . . , t n−1 , t n ), t) → (t 1 , . . . , t n−1 , (1 − t)t n + t), and h × I denotes the isomorphism induced by h on the corresponding pullback.
Now we have to check that the sequence
is exact. The map Σ n (P ) → Υ n (P ) is induced by the inclusion S n (P ) → Y n (P ) (which restricts the implicit sections). The map Υ n (P ) → π n (G , a 0 ) maps (the homotopy class of) (α, β, h) to β| I n ×{0} . The map π n (G , a 0 ) → Σ n−1 (P ) maps β to ∆(β) = (b 0 , β, ι), where ι is the uniquely determined isomorphism of bundlesb 0 (a bundle with global section) and β| L n that maps the global section ofb 0 to the global section of β| L n . (i) Exactness at Υ n (P ): The composition Σ n (P ) → Υ n (P ) → π n (G , a 0 ) is zero, since the bundle β| I n ×{0} is trivial (G , a 0 )-bundle. On the other hand, if the image of the triple (α, β, h), which equals β| I n ×{0} , is homotopic to the trivial (G , a 0 )-bundle, than we just concatenate this homotopy with β to obtain a triple in Σ n (P ) which maps to (α, β, h).
(ii) Exactness at π n (G , a 0 ): The composition Υ n (P ) → π n (G , a 0 ) → Σ n−1 (P ) is zero because (α, β, h) ∈ Υ n (P ) can be viewed, after deformation of the base space, as a homotopy from ∆(β| I n ×{0} ) to trivial triple in S n−1 (P ). Furthermore, if β represents an element in π n (G , a 0 ) such that ∆(β) is homotopic to the trivial triple in S n−1 (P ), then this homotopy can be viewed, after deformation of the base space, as an en element of Y n (P ) which maps to the homotopy class of β in π n (G , a 0 ).
(iii) Exactness at Σ n−1 (P ): To see that the composition π n (G , a 0 ) → Σ n−1 (P ) → Υ n−1 (P ) is trivial, observe that the triple ∆(β) is homotopic to the trivial triple in Y n−1 (P ) precisely because the implicit section is restricted. On the other hand, if (α, β, h) is a triple in S n−1 (P ) which is homotopic to the trivial triple in Y n−1 (P ), then homotopy, after deformation of the base space, represents an element π n (G, a 0 ) which maps to the homotopy class of (α, β, h). Definition 3.2. Let H and G be topological groupoids and let P be a principal Gbundle over H . The bundle P is a Serre fibration if for every triple (α, β, h), where α is a principal H -bundle over I n , β is a principal G -bundle over I n+1 and h an isomorphism from α ⊗ P to β| I n ×{0} , there is a triple (A, B, H) with A a principal H -bundle over I n+1 , B a principal G -bundle over I n+1 and H an isomorphism from A ⊗ P to B of principal G -bundles over I n+1 , such that the triples (α, β, h) and (A| I n ×{0} , B, H| I n ×{0} ) are isomorphic. Remark 3.3. The notion of the isomorphism between triples (α, β, h), as above is obvious, similar to the one used in the definition of homotopy between the triples in S n (P ) -the only difference is that here the topological groupoids and principal bundles are not assumed to be pointed. Clearly, the notion of a Serre fibration is a well defined property of a Morita map between topological groupoid, although its definition is essentially intrinsic in the Morita bicategory of topological groupoids. We see that the notion of Serre fibration in GPD is a generalization of the notion of Serre fibration in the category of topological spaces, as the above definition can be presented in the diagram
in the Morita bicategory of topological groupoids. Note that we obtain an equivalent definition of a Serre fibration if we replace I n = I n × {0} with J n+1 , or by
Proposition 3.4. Let P be a principal G -bundle over H and Q a principal Hbundle over K .
(i) If P is a Morita equivalence, then it is a Serre fibration.
(ii) If P and Q are both Serre fibrations, then Q ⊗ P is also a Serre fibration.
Proof. It is straightforward to check both assertions. To check (i), one uses the fact that for if P is a Morita equivalence, then the inverse of P in the Morita category can be represented by the principal H -bundle P −1 over G , which equals P as the topological spaces, but has actions transposed. In this way, there are in fact natural isomorphisms P ⊗ P −1 ∼ = H and P −1 ⊗ P ∼ = G , which are to be used in the argument. Proposition 3.5. Let φ : H → G be a functor between topological groupoids such that φ : H 0 → G 0 is a Serre fibration and (φ, s) : H 1 → G 1 × G0 H 0 is a surjective Serre fibration. Then the associated principal G -bundle φ over H is a Serre fibration.
Before we give the proof, let us first recall the notion of a G -cocycle of a principal G -bundle P over a space B. The bundle P has sections {σ i } i∈Λ over an open covering
where ϑ is the translation function of the bundle P . Write
We say that a family of functions {f i , g ij } satisfying the above conditions is a G -cocycle on B. Any G -cocycle on B on the other hand determines a principal G -bundle over B [16] .
Proof of Proposition 3.5. The maps from Proposition 3.5 fit into the diagram:
It follows that φ : H 1 → G 1 is a surjective Serre fibration, because the maps φ : H 0 → G 0 and (φ, s) : H 1 → G 1 × G0 H 0 are both surjective Serre fibrations.
We have to check the Serre fibration property for the principal bundle φ . Let (α, β, h) be a triple, where α is a principal H -bundle over I n , β is a principal Gbundle over I n+1 and h is an isomorphism from α ⊗ φ to β| I n ×{0} . We represent both bundles α and β with cocycles, by dissecting the cube I n into a family of small cubes. More precisely, we choose a large natural number N adn a small positive number ǫ, take C i = ( For N large enough, we can represent α and β with cocycles {f µ , h µν } and {F µ ′ , g µ ′ ν ′ } on open covers {C µ } and {C ′ µ ′ } respectively. We can restrict these cocycles to the closed covers {D µ } respectively {D ′ µ ′ }, obtaining so called "closed" cocycles which equally well represent the principal bundles (we will use the same notation for this restrictions). The principal bundle α ⊗ φ is then given by the cocycle {φ • f µ , φ • h µν }. The isomorphism h from α ⊗ φ to β| I n ×{0} is, in terms of the cocycles, given by a family of functions r µ : C µ → G 1 . Now we will lift the closed G -cocycle {F µ ′ , g µ ′ ν ′ } to a H -cocycle along φ. First observe that we can lift the functions r µ : D µ → G 1 along φ to functions r µ :
H 0 is a surjective Serre fibration. Since φ : H 0 → G 0 is a Serre fibration, we can lift F (1,1,...,1) along φ to F (1,1,...,1) : D ′ (1,1,. ..,1) → H 0 such that t • r (1,1,...,1) = F (1,1,...,1) | D (1,1,...,1) . From the elements of the cocycle already lifted we calculate the initial lift of the element g (1,1,...,1)(1,2,...,1) , and because (φ, s) : H 1 → G 1 × G0 H 0 is a Serre fibration we can lift the entire function g (1,1,...,1)(1,2,...,1) to a function g (1,1,...,1)(1,2,. ..,1) : 2,. ..,1) → H 1 . Now the elements of the cocycle already lifted determine the initial lift of the functions F (1,2,...,1) , which can be lifted because φ : H 0 → G 0 is a Serre fibration. Proceeding in this way, we lift the entire G -cocycle {F µ ′ , g µ ′ ν ′ }, and obtain a closed H -cocycle. Restricting this cocycle to the interiors of their domains, we obtain an open H -cocycle representing the desired principal H -bundle over I n+1 .
Let (P, p 0 ) be a principal (H , b 0 )-bundle over (G , a 0 ). We see that the H -action on P restricts to ǫ −1 (a 0 ). Therefore, we get the translation groupoid
which we call the fiber of P over a 0 . The groupoid H ⋉ ǫ −1 (a 0 ) is also pointed with p 0 ∈ ǫ −1 (a 0 ).
Proof. Since the (G , a 0 )-bundle (X ⊗ P, σ ⊗ p 0 ) is a trivial, it has a global section σ that extends σ ⊗ p 0 maps to a 0 via X ⊗ P → G 0 . For any x ∈ X we have σ(π(x)) = x ⊗ α(x) for an uniquely determined α(x) ∈ ǫ −1 (a 0 ), this gives us a map α : X → ǫ −1 (a 0 ). Note that α(σ(b)) = p 0 for any b ∈ ∂I n . The right action of H ⋉ ǫ −1 (a 0 ) on X along α is given by x(h, p) = xh for any x ∈ X and (h, p) ∈ H × H0 ǫ −1 (a 0 ) with α(x) = hp (note that, by applying π, that this equation implies ǫ(x) = t(h)). One can check that (X, σ) is a principal
This means that the H ⋉ ǫ −1 (a 0 )-action on X is free. To see that the action is transitive along the fibers of π : X → I n , let x, x ′ ∈ X with π(x) = π(x ′ ). We can choose h ∈ H 1 such that xh = x ′ , and derive
Theorem 3.7. Let (P, p 0 ) be a principal (H , b 0 )-bundle over (G , a 0 ) such that P is a Serre fibration. Then there exist a natural long exact sequence
Proof. By Theorem 3.1, it is sufficient to prove that the groups Σ n (P ) are isomorphic to the groups π n (H ⋉ ǫ −1 (a 0 ), p 0 ). First, we define a map ψ : Σ n (P ) → π n (H ⋉ ǫ −1 (a 0 ), p 0 ), as follows: for a triple (α, β, h) ∈ S n (P ), we extend α to K n+1 with a trivial (H , b 0 )-bundle over (∂I n × I, ∂I n × I) and extend the isomorphism h to K n+1 so that it becomes an isomorphism of bundles over (K n+1 , ∂I n × I). Then the Serre fibration property of P gives us a triple (A, B, H) , and we use Lemma 3.6 on A| I n ×{0} to get a principal (H ⋉ ǫ −1 (a 0 ), p 0 )-bundle ψ(α, β, h) over (I n , ∂I n ). Using again the Serre fibration property of P , one can see that this map is well defined on Σ n (P ), i.e. depends only on the homotopy class of the triple.
To describe the inverse map ψ −1 , let (Q, ρ) be a principal (H ⋉ ǫ −1 (a 0 ), p 0 )-bundle over (I n , ∂I n ). Denote by pr : H ⋉ ǫ −1 (a 0 ) → H the natural projection, which equals π on objects, and writeā 0 = I n+1 × t −1 (a 0 ) for the trivial (G , a 0 )-bundle over I n+1 . We set ψ −1 (Q, ρ) = (Q ⊗ pr ,ā 0 , ι), where ι :
This gives us a map ψ
is the identity, observe that in the construction of the homotopy class ψ(ψ −1 (Q, ρ)) one may take A to be the pullback of Q ⊗ pr along the projection I n × I → I n , and it is then sufficient to note that there is an isomorphism of (H ⋉ ǫ −1 (a 0 ), p 0 )-bundles between Q ⊗ pr (viewed as a principal H ⋉ǫ −1 (a 0 ), p 0 )-bundle by Lemma 3.6) and Q, which maps q ⊗(p, h) to q(h, h −1 p). Finally, we have to check that ψ −1 •ψ is the identity as well. Let (α, β, h) ∈ S n (P ) and construct ψ(α, β, h) as above. It is sufficient to observe that the principal (H , b 0 )-bundles ψ(α, β, h) ⊗ pr and A| I n ×{0} are naturally isomorphic (the isomorphisms maps a ⊗ (p, h) to ah).
Example 3.8. Let φ : (H , b 0 ) → (G , a 0 ) be a functor between pointed topological groupoids such that the associated principal G -bundle φ over H is a Serre fibration. Then there exists a natural long exact sequence as in Theorem 3.7 in which the fiber
Serre groupoids
In this section we introduce a special class of topological groupoids called Serre groupoids. We show that the calculation of homotopy groups of Serre groupoids is particularly simple. Examples will show that there are many topological groupoids that are Morita equivalent to Serre groupoids. Definition 4.1. A Serre groupoid is a topological groupoid G for which the source map s : G 1 → G 0 is a Serre fibration. Remark 4.2. If G is a Serre groupoid, then the target map t : G 1 → G 0 is also a Serre fibration. Proposition 4.3. Let G be a Serre groupoid and P a principal G -bundle over H . Then the map π : P → H 0 is a Serre fibration.
Proof. The bundle π : P → H 0 has local sections over an open covering {U λ } λ∈Λ . For any λ we have the pullback diagram
The map π| U λ is a Serre fibration, because it is a pullback of the Serre fibration t. Thus π : P → H 0 is a Serre fibration locally over an open covering of H 0 , which yields that it is itself a Serre fibration.
Proposition 4.4. Let φ : H → G be a continuous functor between Serre groupoids which is a Serre fibration on objects. Then the principal bundle φ associated to φ is a Serre fibration.
Proof. Let α be a principal H -bundle over I n , β a principal G -bundle over I n × I and h : α ⊗ φ → β| I n ×{0} an isomorphisms. Both bundles α and β have global sections, since their projections are Serre fibrations by Proposition 4.3. This means that we can view α as the pullback along a map α ′ : I n → P and β as a pullback along a map β ′ : I n × I → G 0 . Furthermore, there exists a natural isomorphisms of functors φ 0 • α ′ : I n → G and β ′ | I n ×{0} → G , given by a map w : I n → G 1 . Since the target map G 1 → G 0 is a Serre fibration, we can extend the map w to W :
. Finally, since φ 0 is a Serre fibration, we can extend α ′ to a map A :
Example 4.5. Let φ : H → G be a continuous homomorphism between topological groups. The topological groupoids (H ⇉ * ) and (G ⇉ * ) representing H and G are clearly Serre groupoids, and φ is a functor between these two groupoids which is a Serre fibration (and in fact the identity) on objects. By Proposition 4.4 it follows that the associated principal bundle φ , the total space of which equals G, is a Serre fibration. Theorem 3.7 then gives us a long exact sequence
Proposition 4.6. Let H and G be Serre groupoids and P a principal G -bundle over H such that the map ǫ : P → G 0 is a Serre fibration. Then P is a Serre fibration.
Proof. Recall that the projection pr 1 : H ⋉P ⋊G → H is a weak equivalence( [13] ) and that pr 1 ⊗ P ∼ = pr 3 Proposition 4.4 implies that pr 3 is a Serre fibration. Now it follows from Proposition 3.4 that P is a Serre fibration as well.
Example 4.7. Let G be a Serre groupoid, acting on a space X. Then the associated translation groupoid is also a Serre groupoid.
The next theorem gives a method for calculating the homotopy groups of a Serre groupoid.
Theorem 4.8. Let (G , a 0 ) be a pointed Serre groupoid. Then there is a natural long exact sequence
Proof. We have the obvious functor from the space G 0 to the groupoid G 1 . The principal G -bundle over G 0 associated to this functor is identity on objects, hence it is a Serre fibration by Proposition 4.4. We can therefore apply Theorem 3.7.
We will now use our results to calculate homotopy groups of some topological groupoids.
Example 4.9. (1) A unit groupoid X ⇉ X over topological space X is a Serre groupoid, with s −1 (x 0 ) = {1 x0 }. The long exact sequence of Theorem 4.8 gives us the already mentioned isomorphisms π n (X ⇉ X) ∼ = π n (X).
(2) Let Pair(X) be a pair groupoid over pointed space X. It is also a Serre groupoid, because the source map is simply a projection. In particular we have s −1 (x 0 ) = X.
(3) A topological group G is a topological groupoid (G ⇉ * ) with one object, and it is also a Serre groupoid. The long exact sequence in this case gives us the known result that π n (G ⇉ * ) ∼ = π n−1 (G) ∼ = π n (BG), where BG is a classifying space of group G.
(4) Let G be a Serre groupoid and (X, x 0 ) a pointed right G -space. Then the groupoid X ⋊ G is a pointed Serre groupoid, and we get a long exact sequence
In case G is alsoétale and X is connected, this sequence reduces to the short exact sequence
and isomorphisms
(5) Let X be a semilocally simply connected connected pointed topological space and let Π 1 (X) be the fundamental groupoid over X. One can check that Π 1 (X) is Serre groupoid. We have s −1 (x 0 ) = X, the universal covering space over X. We get the long exact sequence
Because π 1 ( X) = 0 and π n ( X) → π n (X) are isomorphisms for n ≥ 2, we have
and the other homotopy groups are zero. We can get the same result in a different way as well, because Π 1 (X) is transitive groupoid, thus Morita equivalent to the groupoid (π 1 (X) ⇉ * ) representing the discrete group π 1 (X). and the other homotopy groups are zero.
(7) Let F be the Kronecker foliation of the torus T 2 . The associated holonomy groupoid is weakly equivalent to translation groupoid Z ⋉ S 1 [12, p.137] , and we get a short exact sequence
The other homotopy groups are zero. 
where L is the holonomy covering space of L.
(9) Let G be the properétale groupoid associated to an orbifold Q of dimension n. Then from [12, p.44] and [12, p.143] it follows that G is Morita equivalent to the translation groupoid U (n) ⋉ U F (Q) ⇉ U F (Q), where U F (Q) is the unitary frame bundle associated to the orbifold Q and U (n) the unitary group. This translation groupoid is a Serre groupoid, so we get the associated long exact sequence of homotopy groups
Riemannian foliations
In this section we apply the theory that we have developed so far to the holonomy groupoid of transversely complete and, more generally, Riemannian foliations. For definition and properties of such foliations, see e.g. [12, 14, 15] .
First let us recall the definition of a transverse principal bundle [12, p.98] . Let G be a Lie group, (M, F ) a foliated manifold and π : E → M a (smooth) principal G-bundle with a foliation F on the total space E such that (i) F is preserved by the action of G, and (ii) the projection π :
Then we say that (E, F ) is a transverse principal G-bundle over (M, F ). For such a transverse principal G-bundle (E, F ) there is well defined natural projection functor
Hol(E, F ) → Hol(M, F ). If γ is a path inside a leaf L of F , then, given some initial lift of the starting point, there is a canonical lift γ of γ along π which lies inside a leaf of F . This lifting property is well defined on the holonomy classes of paths. Indeed, suppose that γ : (S 1 , 1) → (M, m 0 ) is a loop in L through with trivial holonomy, choose n 0 ∈ π −1 (m 0 ) and write L for the leaf of F with n 0 ∈ L. The canonical lift γ of γ to L is then again a loop. We have to see that γ has trivial holonomy.
Since γ has trivial holonomy, there exists a small transversal section T of (M, F ) and a map Γ :
such that Γ| S 1 ×{m0} = γ, Γ(S 1 × {m}) lies in a leaf of F for any m ∈ T and Γ({z} × T ) is a transversal section of (M, F ) for any z ∈ S 1 . We may choose T so small that there exists a submanifold T of E such that e 0 ∈ T , π : T → T is a diffeomorphism and the tangent space of E at any point e ∈ T is a direct sum of the tangent space of T at e, the tangent space of the fiber of π through e and the tangent space of the leaf of F through e. By applying the unique lifting property to the loops Γ(S 1 × {m}), we obtain a lift Γ of Γ along π. Now define a map Ψ :
g. This implies that γ = Ψ| S 1 ×{m0}×{1} has trivial holonomy, because Ψ(S 1 × {m} × {g} lies in a leaf of F for any m ∈ T and any g ∈ G, while Ψ({z} × T × G is a transversal section of (E, F ).
Proposition 5.1. Let π : (E, F ) → (M, F ) be a transverse principal bundle over a foliated manifold (M, F ). The projection functor Hol(E, F ) → Hol(M, F ) is a Serre fibration both on objects and on arrows, and the principal bundle associated to this functor is also a Serre fibration.
Proof. The projection functor φ : Hol(E, F ) → Hol(M, F ) equals the Serre fibration π : E → M on objects. The last part of the statement is a consequence of Proposition 3.5, as the map (φ, s) : 
is an open neighbourhood of L in M which equals the saturation of W . For any y ∈ W denote by (x y , t y ) for the element in U × B with T (x y , t y ) = y.
We need to show that there exists a diffeomorphism φ :
To construct φ, let y ∈ W and let γ be a path in L starting at x 0 . Then T yt • γ is a path inside the leaf through y, and we define φ(y, γ) to be the holonomy class of the concatenation of T yt • γ with a path inside T (U × {y t }) starting at y. The result, of course, depends only on the holonomy class of γ and gives us a well defined smooth map φ.
To see that φ is a diffeomorphism, note that φ −1 can be described in a similar way: For any path τ representing an element in s −1 (W ) starting at a point y ∈ W , we have the path (
is given by the pair (y, γ ′ ), where γ ′ is the holonomy class of the concatenation of φ −1 (τ ) with a path in U starting at x 0 . Theorem 5.3. For any transversely complete foliation F on a connected manifold M with leaf L we have a long exact sequence
Proof. This follows from Theorem 5.2, Theorem 4.8 and the fact that the source fibers of Hol(M, F ) are diffeomorphic to L.
Let F be a Riemannian foliation of codimension q on compact connected manifold M . Then [12, 15] We can now apply Proposition 5.1 to the case of Riemannian foliation (M, F ). We get the following theorem.
Theorem 5.5. Let (M, F ) be a Riemannian foliation of codimension q on a compact connected manifold M . Then we have a natural long exact sequence of homotopy groups . . . → π n (O(q)) → π n (Hol (OF (M, F ), F ) ) → π n (Hol(M, F ) ) → π n−1 (O(q)) → . . . , where (OF (M, F ), F ) is the associated lifted foliation on the the transverse orthogonal frame bundle and O(q) is the unitary group of order q viewed as a topological space.
Proof. The long exact sequence is obtained by Theorem 3.7 and Proposition 5. 
Effect of anétale groupoid
It is natural to represent an orbifold with a properétale groupoid [11] . This groupoid may not be effective, and even if it is, it is often desirable to represent it as the effect of another, simplerétale groupoid. In this section, we study the connection between the homotopy groups of a properétale groupoid and the homotopy groups of its associated effect groupoid.
Let G be anétale Lie groupoid. We have the functor Eff : G → Eff(G ) betweeń etale groupoids G and Eff(G ) [12] . This functor is the identity on objects and surjective local diffeomorphism on arrows. If the groupoid G is proper, then Eff(G ) is also proper and the map Eff : G 1 → Eff(G ) 1 is proper. Because both G 1 and Eff(G ) 1 are Hausdorff manifolds, this implies that the map Eff : G 1 → Eff(G ) 1 is in fact a covering projection (see e.g. [7] ). Proposition 6.1. Let G be a properétale Lie groupoid. Then the principal bundle associated to the functor Eff : G → Eff(G ) is a Serre fibration.
Proof. We have already seen that Eff is a covering projection on arrows, while it is the identity on objects. The proposition now follows from Proposition 3.5.
For a properétale Lie groupoid G , let us denote by G 0 a0 the group of ineffective arrows in the isotropy group of G 1 at a point a 0 ∈ G 0 , namely all such arrows g ∈ G 1 from a 0 to a 0 such that Eff(g) = 1 a0 . Theorem 6.2. Let (G , a 0 ) be a pointed properétale Lie groupoid. Then the Eff functor induces isomorphisms π n (G , a 0 ) ∼ = π n (Eff(G ), a 0 ), for n = 0, 3, 4, 5, . . ., and there is an exact sequence 0 → π 2 (G ) → π 2 (Eff(G )) → G 0 a0 → π 1 (G ) → π 1 (Eff(G )) → 0. Proof. We have already seen that the principal bundle associated to the functor Eff is a Serre fibration, so there is the associated long exact sequence as in Theorem 3.7. The fiber appearing in this exact sequence is the groupoid G ⋉ σ −1 (a 0 ), where σ is the source map of the groupoid Eff(G ). One can check that this groupoid is transitive and therefore weakly equivalent to a group, which in this case exactly the discrete group G 
